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In this short paper, it is shown that Lorenz gauge condition leads to disappearance of long-range
longitudinal electric wave emitted by an arbitrary electrical system. In any other gauge, longitudinal
electric wave would be non-negligible. Implications of the obtained results are discussed.
I. INTRODUCTION
Derivations of radiation of infinitesimal electric
dipoles, linear traveling and standing wave antennas and
other radiating systems are well known. In these deriva-
tions, it is often shown that no far-field longitudinal
electric wave is emitted. However, in this paper, this
commonly accepted point of view is challenged. Specif-
ically, we show that in the general case and within the
framework of classical electrodynamics, solutions yield
the emission of long-range longitudinal electric wave.
II. THEORY
Our purpose in this paper is to show that Lorenz gauge
condition “destroys” long-range longitudinal electric field
or wave. For starter, we will describe briefly fundamental
concepts.
For the derivation, spherical coordinate system is used,
which has unit vector rˆ, θˆ, φˆ. r denotes arbitrary radius-
vector with magnitude r, while t is time. ω is angular
frequency of the radiation, while k = ωc is “spatial” fre-
quency or wave-number. All force and potentials fields
are assumed to be dependent on r and t (e.i. E = E(r, t),
B = B(r, t), A = A(r, t), V = V (r, t)), but we will not
write it explicitly in order to be concise. The term longi-
tudinal electric field is used to denote the component of
electric field Er along radial rˆ direction.
A. Background
Maxwell equations have the following form
∇ ·E = ρ
0
, (1a)
∇ ·B = 0, (1b)
∇×E = −∂B
∂t
, (1c)
∗ In some textbooks authors use the term “Lorentz” gauge con-
dition. However, the correct name should be “Lorenz” gauge
condition, named after Ludvig Lorenz.
∇×B = µ0(J+ ∂E
∂t
). (1d)
By utilizing vector caclulus identities, the vector poten-
tial is introduced from (1b), while the scalar potential is
defined by using the vector potential in (1c). As a result,
the following expression is obtained for the electric field
E = −∇V − ∂A
∂t
. (2)
It is claimed that divergence of the vector potential can
be set to arbitrary value [1]. Different values correspond
to different gauge conditions. The frequently utilized
gauge condition is called Lorenz gauge and it is defined
as
∇ ·A = − 1
c2
∂V
∂t
. (3)
We will now switch to a so-called complex or j nota-
tion. According to [2] Sec. 3.6, in the most general case
the far-field terms of vector and scalar potentials have
the following form
A = (Ar(θ, φ)rˆ+Aθ(θ, φ)θˆ +Aφ(θ, φ)φˆ)
e−j(kr−ωt)
r
,
(4a)
V = V (θ, φ)
e−j(kr−ωt)
r
. (4b)
This can also be confirmed by checking the solution of
far-field radiation of any electrodynamics system (short
dipoles, long traveling wave and standing wave antennas,
circular antenna and etc.). In essence, (4) means that
angular (θ, φ) and radial (r) dependence of potentials can
be separated or decoupled. Our focus is not on how to
get the vector and scalar potentials (4), but to investigate
the implications which follow from already having these
potentials.
B. Derivation in Lorenz Gauge
Let us briefly demonstrate that the derivation in [2]
Sec. 3.6, which proves that far-field longitudinal electric
wave does not exist, is valid only for one specific gauge.
Similar derivations are performed in [3] Sec. 1.13 and
1.15. In the complex notation, Lorenz gauge condition
becomes ∇·A = −jωV/c2, from which we can obtain the
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2scalar potential and substitute it into (2). This would
result in the following expression for the electric field:
E = −j c
2
ω
∇(∇ ·A)− jωA. (5)
The vector potential from (4) is utilized to find
∇ ·A = −Arjk e
−j(kr−ωt)
r
, (6)
where only the term with first power in r in the denom-
inator is selected. This is done because we are analyz-
ing far-field approximation and so terms decreasing faster
then 1/r can be neglected. Next let us find
∇(∇ ·A) = −Ark2 e
−j(kr−ωt)
r
rˆ, (7)
where now only the radial term is selected, because we
are interested in the longitudinal electric field. By sub-
stitution of (7) into (5), then equating the radial terms
from the right side of (5) to the radial component of the
total electric field E = Er rˆ+ Eθ θˆ + Eφφˆ, we can find
Er = −jωAr e
−j(kr−ωt)
r
(1− k
2c2
ω2
) = 0. (8)
Thus, we can wrongly conclude that the long-range lon-
gitudinal electric field is zero. However, this is due to the
fact that (5) is valid only in the Lorenz gauge, while (2)
is more general expression valid in any gauge.
C. Derivation for Arbitrary Gauge
Let us now use (2) instead of (5). For that, gradient
of the scalar potential (4) can be found
∇V = −jkV e
−j(kr−ωt)
r
rˆ, (9)
where again we left only the most significant term along
the radial direction. Time differential of the radial com-
ponent of the vector potential is
∂Ar
∂t
rˆ = jωAr
e−j(kr−ωt)
r
rˆ. (10)
If (9) and (10) are substituted into (2), then we get for
radial component
Er = jk(V −Arc)e
−j(kr−ωt)
r
6= 0. (11)
It can be observed that in the general case longitudinal
electric field is nonzero. It becomes null only if kV = Arω
or V = Arc. Let us demonstrate that this identity is valid
only in the Lorenz gauge. Time differential of the scalar
potential is
∂V
∂t
= jV ω
e−j(kr−ωt)
r
. (12)
If (12) and (6) are put into (3), then we get
jV ω
c2
e−j(kr−ωt)
r
= Arjk
e−j(kr−ωt)
r
⇒ V ω
c2
−Ark = 0.
(13)
After simple algebraic manipulations, we get from the
last equation V − Arc = 0. Thus, it is clear that under
Lorenz gauge condition (13), longitudinal electric field
(11) vanishes. However, in the general case or in any
other gauge, where V −Arc 6= 0, Er is nonzero.
Let us give two examples. For classical electric dipole
with charge separation distance d and wavelength λ, un-
der the assumptions d λ r, the solutions for emitted
scalar potential and radial component of the vector po-
tential are [1] [Sec. 11.1]
V = − q0
4pi0
ωd
rc
sin (ω(t− r
c
)) cos θ, (14a)
Ar = − q0
4pi0
ωd
rc2
sin (ω(t− r
c
)) cos θ. (14b)
Thus it is clear that for the classical dipole V − Arc =
0 and as expected Er = 0. However, for the electric
dipole under the assumptions λ  d  r and with the
current wave flowing in positive zˆ direction, the following
solutions are obtained [4]
V = − q0
4pi0
1
r
(
cos(ω(t− r
c
))
(
cos(
ωd
2c
(2− cos θ))− cos(ωd
2c
cos θ)+
1
1 + cos θ
(cos(
ωd
2c
)− cos(ωd
2c
(2 + cos θ)))+
1
1− cos θ (cos(
ωd
2c
cos θ)− cos(ωd
2c
))
)
+
sin(ω(t− r
c
))
(
sin(
ωd
2c
cos θ)− sin(ωd
2c
(2− cos θ))+
1
1 + cos θ
(sin(
ωd
2c
(2 + cos θ))− sin(ωd
2c
))+
1
1− cos θ (sin(
ωd
2c
)− sin(ωd
2c
cos θ))
))
, (15a)
Ar = − q0
4pi0
1
rc
(cos θ) ·
(
cos(ω(t− r
c
))
( 1
1 + cos θ
(cos(
ωd
2c
)− cos(ωd
2c
(2 + cos θ)))+
1
1− cos θ (cos(
ωd
2c
cos θ)− cos(ωd
2c
))
)
+
sin(ω(t− r
c
))
( 1
1 + cos θ
(sin(
ωd
2c
(2 + cos θ))− sin(ωd
2c
))+
1
1− cos θ (sin(
ωd
2c
)− sin(ωd
2c
cos θ))
))
. (15b)
3As a result,
V −Arc = − q0
4pi0
1
r
(
cos(ω(t− r
c
))
(
cos(
ωd
2c
(2− cos θ))− cos(ωd
2c
)+
1− cos θ
1 + cos θ
(cos(
ωd
2c
)− cos(ωd
2c
(2 + cos θ)))
)
+
sin(ω(t− r
c
))
(
sin(
ωd
2c
)− sin(ωd
2c
(2− cos θ))+
1− cos θ
1 + cos θ
(sin(
ωd
2c
(2 + cos θ))− sin(ωd
2c
))
))
6= 0,
(16)
Therefore, for electric dipole system where charge sepa-
ration distance is non-negligible, V − Arc 6= 0 and as a
consequence Er 6= 0. Indeed, it can be verified rather
easily that if (15) are utilized in (2), then we get non-
zero longitudinal electric wave, but if (15) are used in
(5), then due to exact cancellation of all terms, Er = 0.
Plot of (16) as a function of θ and ωd2c and for the time
when ω(t − rc ) = pi2 is shown in Fig. 1. This plot looks
similar if time is selected such that ω(t− rc ) = 0 or for any
other time value. It can be observed that apart of two
regions ωd2c ≈ 0 and θ ≈ 0, V − Arc is substantially dif-
ferent than null. We note that applying the infinitesimal
electric dipole assumptions (d λ r) or Lorenz gauge
condition lead to V −Arc ≈ 0, i.e. lead to disappearance
of Er. Similar to our result, it was shown in [5] that the
identity V = cAx, where Ax is the component of the vec-
tor potential along the direction of propagation of plane
wave, is responsible for disappearance of the longitudi-
nal electric field. The author also writes that the Fourier
transform, when applied to the Lorenz gauge condition,
results in the identity V = cAx.
Finally, we can also show that the far-field transverse
electric field is caused primarily by the vector potential,
while the scalar potential does not contribute to it. The
component of the gradient of the scalar potential in the
spherical coordinate system along transverse direction is
∇V = ∂V
∂θ
e−j(kr−ωt)
r2
θˆ, (17)
where it can be observed that this expression decreases
faster than 1r . As a result, the far-field transverse elec-
tric field arises solely due to contribution of the vector
potential
Eθ θˆ = −∂Aθ
∂t
θˆ = jωAθ
e−j(kr−ωt)
r
θˆ. (18)
We can summarize by stating that the far-field transverse
electric field is caused by current sources only (vector po-
tential), while the long-range longitudinal electric field
is caused by contribution of current and charge sources
(vector and scalar potentials), respectively. Similar con-
clusion applies for φˆ direction. For example, for small
circular current loop antenna, transverse electric field is
along φˆ, not θˆ.
FIG. 1. Visualization of V −Arc as a function of θ and η = ωd2c .
This plot is generated for ω(t− r
c
) = pi
2
.
III. DISCUSSION
Even though the presented derivations are simple, their
implications are far-reaching. Three main points can be
highlighted with respect to obtained results.
• Firstly, in many textbooks it is claimed that there is
so-called “gauge freedom” or gauge invariance [1, 6–
9]. In other words, we can switch from one gauge
into another and that would lead to the same elec-
tric and magnetic fields. Our derivations challenge
this viewpoint. If long-range longitudinal electric
field exist in all gauges except the Lorenz gauge,
then gauge freedom is no longer valid. It means
that if derivations are performed in the Lorenz
gauge, then the obtained results would be without
longitudinal electric field. However, if derivations
are done in the Coulomb or Weyl gauges, then lon-
gitudinal electric fields would appear.
• The second point is the consequence of the first.
Often it is claimed that the vector and scalar po-
tentials are not real physical quantities, but are uti-
lized as mathematical tools [9]. However, there
are recent theoretical studies which demonstrate
that the vector and scalar potentials carry more
information than the electric and magnetic fields
[10, 11]. Also there are papers where the vector
and scalar potential waves were experimentally de-
tected [12–16]. All these studies imply that the
vector and scalar potentials are real physical fields.
That would also explain why “gauge freedom” is
not valid. The following example can be given with
respect to confusion coming from the vector and
scalar potentials and their gauge freedom. In clas-
sical mechanics, acceleration of any given object is
absolute for all inertial reference frames, while its
velocity is relative. However, the relative nature of
4velocity does not imply that it is not real physi-
cal quantity. Velocity has different magnitudes in
different inertial frames of reference, but at each
inertial frame it is real physical quantity. Radius
vector of an object is even more relative quantity
than velocity, because radius-vector not only de-
pends on the inertial frame of reference, but for
a given inertial frame, it also depends on the ori-
gin of the frame. If for a given inertial frame, its
origin is changed, then the position vector of an ob-
ject also changes. However, again relative nature of
position vector does not imply that it is just math-
ematical tool used to solve mechanics problems. If
logic of gauge freedom is applied in classical me-
chanics, then we would conclude that acceleration
is real physical quantity, because it manifests itself
in Newton’s laws, while velocity and position are
simple mathematical tools. The difference between
the vector potential in electrodynamics and veloc-
ity, position vectors in mechanics is that the latter
quantities can be measured, while there are yet no
tools and methods which would permit measure-
ment of the former physical quantity.
• Thirdly, contrary to established opinion, the ob-
tained results show that far-field longitudinal elec-
tric wave might be real. By using the Lorenz gauge
condition unintentionally, in some textbooks au-
thors demonstrate that longitudinal electric waves
are negligible. For instance, Lorenz gauge condition
was utilized to derive radiation of electric dipole in
[6] [Sec. 14-3], [17] [Sec. 14.1], [18] [Sec. 16-8], [2]
[Sec. 3.6], [3] [Sec. 1.15], [19] [Sec. 2.2]. In light of
the presented derivations, their conclusions might
need to be revised. One possible reason which ex-
plains why (5) is more frequently used in textbooks
than (2) is that evaluation of the vector potential is
sufficient in the former, while both scalar and vec-
tor potentials are necessary in the latter case. As
a result, when deriving radiation fields of electric
dipoles, magnetic dipoles or antennas, it might be
more tempting to use (5). However, shorter path
might mislead and give only part of the answer, not
the full answer.
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